Abstract. This paper proves a periodic property of Jucys-Murphy elements of the degenerate and non-degenerate cyclotomic Hecke algebras of type A. We do this by first giving a new closed formula for the KLR idempotents e(i) which, it tuns out, is very efficient computationally.
Introduction
The degenerate and non-degenerate cyclotomic Hecke algebras H Λ n of type A are important algebras because they arise in the categorification of the canonical basis of the affine special linear groups [2] . Recently, building on works of Khovanov and Lauda [4, 5] and Rouquier [9] , Brundan and Kleshchev [1] showed that H Λ n is isomorphic to a Khovanov-Lauda-Rouquier algebra of type A, and hence that these algebras are Z-graded.
Central to construction of Brundan and Kleshchev graded isomorphism theorem are certain deponents e(i) ∈ H Λ n , which in the case of the symmetric groups have their origins in the work of Murphy [8, (1,2) ]. The purpose of this paper is to give explicit formulas for these idempotents when e > 0 and p > 0, which are very efficient computationally, and to use them to prove a periodicity property for the Jucys-Murphy elements of H Λ n . This paper is organized as follows. In Section 2 we introduced the definition of (degenerate and non-degenerate) cyclotomic Hecke algebras of type A. We then give the definition of e(i)'s constructed by Kleshchev [6, Lemma 7.1] in H Λ n and a set of nilpotency elements { y r | 1 ≤ r ≤ n } defined by Brundan and Kleshchev [1, (3.21) , (4.21) ]. In Section 3 we gave an explicit expression of idempotents e(i). In Section 4 and 5 we proved the periodic property of Jucys-Murphy elements in degenerate and non-degenerate cyclotomic Hecke algebras of type A, respectively. In Section 6 we improved our results of Section 3 and showed that an expression of e(i)'s depended on the nilpotency degree of y r 's.
This paper is a part of my PhD thesis [7] . Acknowledgements. We thank Andrew Mathas for his support while writing this paper.
Cyclotomic Hecke algebras of type A and the idempotents e(i)
Let F p be a fixed field of characteristic p ≥ 0 with q ∈ F × p . Let e be the smallest positive integer such that 1 + q + . . . + q e−1 = 0 and setting e = 0 if no such integer exists. Then define I = Z/eZ if e > 0 and I = Z if e = 0. For n ≥ 0, assume that q = 1. Let H n be the degenerate affine Hecke algebra, working over F p . 
To the index set I, we associate two lattices
and let (., .) : P × Q −→ Z be the bilinear pairing defined by (Λ i , α j ) = δ i, j . Let P + and Q + denote the subset of P and Q such that P + = i∈I NΛ i and Q + = i∈I Nα i . Then for any Λ ∈ P + , we define
and we call H Λ n the degenerate cyclotomic Hecke algebra if q = 1 and non-degenerate cyclotomic Hecke algebra if q 1. We call p the characteristic of H Λ n and e the quantum characteristic of H Λ n . By the definitions, degenerate and non-degenerate cyclotomic Hecke algebras are similar with some minor difference. In order to minimize their difference we define
and use x r instead of X r when we don't have to distinguish which case we are working with. Hence we can rewrite (2.1) as H
In H Λ n , the elements x r and X r are called the Jucys-Murphy elements. We can define a set of pairwise orthogonal idempotents { e(i) | i ∈ I n } for both degenerate and non-degenerate H Λ n . By Kleshchev [6, Lemma 7 .1], the eigenvalues of each x r or X r on M belongs to I. So M = i∈I n M i of its weight space (i) . Using the explicit expression of e(i) we found, we can find the periodic property of the Jucys-Murphy elements in both degenerate and non-degenerate cyclotomic Hecke algebras when e > 0 and p > 0, and the period of x r is determined by the nilpotency degree of y r 's.
Explicit expression of idempotents e(i) part I

General cases
In this section, first we introduce some properties of characteristic and quantum characteristic. Proof. In non-degenerate case, gcd(e, p) = 1 is well-known. So by Chinese Remainder Theorem we can find a, b ∈ Z such that ap + be = 1. Now consider the sequence p, p
which implies e | s − 1. But because 0 ≤ s ≤ e − 1, we have s = 1. Therefore p l ≡ 1 (mod e).
Therefore, in degenerate case, by Lemma 3.3 we have e = p and in non-degenerate case, by Lemma 3.4 we have gcd(e, p) = 1, i.e. e p.
In the rest of this paper we set p > 0 and e > 0. Fix a residue sequence i = (i 1 , i 2 , . . . , i n ) ∈ I n . For any 1 ≤ r ≤ n and any j ∈ I with j i r , choose N ≫ 0 and define L i r , j = 1 − ( q ir −x r q ir −q j ) N in both degenerate and non-degenerate cases.
Notice that by the definition of e(i) given in (2.4), for any j ∈ I and 1 ≤ r ≤ n, we have
because when j r = j we have (x r − q j ) N j e(j) = 0, which completes the proof.
In the product, j ∈ I\{i r }, which is a finite product since e > 0. So L r (i) is well defined. We have the following Lemma.
Proof. By Lemma 3.5, for any j ∈ I with j i r we can find N j large enough such that
because for any j, L N j i r , j e(j) = e(j). Therefore, because j∈I n e(j) = 1, by (3.7) and (3.8),
which completes the proof.
As the idempotents e(j)'s are pairwise orthogonal, Lemma 3.6 immediately implies the following.
Corollary 3.9. For any i ∈ I n , we have
The previous results are true in both degenerate and non-degenerate cases. Notice that when we define 
Explicit expression in degenerate cases
We start with the degenerate cyclotomic Hecke algebras. Recall that in this case e = p. Proof. By Lemma 3.6 the Proposition is equivalent to claim that
By the definition of L r (i), because I = Z/pZ we have
Take k ≫ 0 and N j = p k . Hence because H Λ n is defined over a field F p of characteristic p, we have j N j = j. And because p is a prime, we have
Without loss of generality, choose N r (i) = p l with l ≫ 0. We have
Setting s = k + l, we have N j N r (i) = p k+l = p s . Now we consider two cases, which are i r = 0 and i r 0. Suppose first i r = 0. We have
Suppose i r 0. We have 
By combining (3.11) and (3.12), we complete the proof.
Finally, by combining Corollary 3.9 and Proposition 3.10, we have an explicit expression of e(i) for the degenerate cyclotomic Hecke algebras. 
, when i r = 0, for s ≫ 0.
Explicit expression in non-degenerate cases
We now give a similar expression for the non-degenerate cyclotomic Hecke algebras. First we give two Lemmas which will be used later. Lemma 3.14. For any k ∈ Z with k 0 (mod e), we have
Proof. By the definition, we have
Because k ∈ Z and k 0 (mod e), we have q k −1 0. Therefore we must have 1+q k +q 2k +. . .+q (e−1)k = 0. 
Proof. By Lemma 3.4 we have gcd(e, p) = 1 and hence
. We prove that f (x) = g(x) by first comparing their roots. It is obvious that the roots of f (x) are all of the form r j with j ∈ I and j i r . Then for any such r j ,
for k ≡ j − i r (mod e) and k 0. Because r = q s and s 0 (mod e), we must have sk 0 (mod e). Therefore by Lemma 3.14 we have g(r j ) = 0. Because f (x) and g(x) are both polynomials of degree e − 1, they have e − 1 roots, which means that g(x) and f (x) have the same roots. This yields that f (x) = kg(x) for some k ∈ F p . Now because f (r i r ) = 1 = g(r i r ), we have k = 1. Therefore f (x) = g(x), which completes the proof. 
. By Lemma 3.15 we have 
Periodic property of x r in degenerate case
In the degenerate cyclotomic Hecke algebras, suppose e = p > 0 and H Λ n (Z p ) is the degenerate cyclotomic Hecke algebra over Z p . It is obvious that
Hence over Z p the algebra has pℓ n n! elements. Therefore, by choosing k > pℓ n n!, for any r we must be able to find
r . Therefore for any r we can find integers d r and N such that for any 
Form of the period d r
Recall y r := i∈I n (x r − i r )e(i) in degenerate cyclotomic Hecke algebras by (2.5). Proof. When p = 2 there is nothing to prove. Hence we set p > 2 so that p is odd. Assume that d r = p m for some m. Consider λ = (r − 1, 1 n−r+1 ) and t = t λ . Let j = ( j 1 , j 2 , . . . , j n ) = res(t), it is easy to see that j r = e − 1 = p − 1. Now j is a residue sequence so that e(j) 0 by [3, Lemma 4.1(c)]. So we must have 
Period of x r
Now we know that d r = p m (p − 1) for some m. We can give a more specific value of m. Define l to be the 
Periodic property of x r
Now we know that the period of x r is d r = p l (p − 1), and we still need to find the smallest non-negative integer N such that x 
